Abstract. In this paper, we discuss the viscosity solutions of Dirichiet problem for weakly coupled systems of fully nonlinear second order degenerated elliptic equations. We prove the existence, uniqueness and continuity of solutions by Perron's method combined with the technique of coupled solutions. Our results generalize those in 9] for the case of general quasi-monotonic systems.
Introduction
In this paper we are concerned with the boundary problem of weakly coupled systems of fully nonlinear second order degenerated elliptic equations of the form it is increasing (or decreasing) with respect to the coupled argument u. Finally, system (1) is said to be
• quasi-increasing ( or decreasing) if both functions F1 and F2 are quasi-increasing or decreasing);
• mixed quasi-mono tonic if one of the functions F1 or F2 is quasi-increasing and the other function is quasi-decreasing (see [19, 20, 23] ).
In 1983 Crandall and Lions [4] introduced the concept of viscosity solution, which is regarded as a kind of weak solution for first order fully nonlinear partial differential equations. They also established global uniqueness and existence of viscosity solutions, and showed that a classical solution is always a viscosity solution. Later, in P.L. Lions [17] , the result has been extended to second order problems. Furthermore, from [1, 2, 7, 8, 111 , the theory of viscosity solutions has been completely developed and provided a powerful tool to deal with fully nonlinear partial differential equations. However, when we wish to study systems, even those with very special coupling structure, there are only a few results in this direction. In fact, if we regard a viscosity solution as a kind of comparison method, for scalar equations, the image of F is in a total-ordered space which can be compared easily; but the image of (F1 ,. . . , Fm) for a system is in a partial-ordered space in which trichotomy law is invalid. So it is more difficult to deal with systems, e.g. in order to use the maximum principle method, quasi-decreasing assumptions have been introduced in 15, 9, 10, 12, 131. However, the comparison does not hold for sub-solutions and super-solutions in the classical definition of non-quasidecreasing systems.
In this paper, we introduce first a new definition of sub-and super-solutions for quasi-increasing systems or mixed-quasi-monotone systems making use of the technique of coupled solutions (the idea of couple solutions comes from 16, 20, 23] ). Then, by Perron's method, existence and uniqueness of the viscosity solution for system (1) are proved, in which the system may be assumed to be quasi-increasing or mixed-quasimonotone. We also prove that the viscosity solution of system (1) is continuous even if (F1 , F2 ) is not continuous, thanks to the definition of sub-and super-solutions by locally bounded functions which comes from [9] . For non-quasi-monotone systems, we prove the same results by use of a fixed point theorem. Our results generalize those of Ishii and Koike [9] to the case of more general quasi-monotonic systems. Actually, in [9] they only discussed the case of quasi-decreasing systems (i.e. "quasi-monotone" in term of [9] ).
For convenience, we discuss systems of two equations only. However, our results can be easily generalized to systems of arbitrary m equations by introducing some appropriate notations used, for example, in [5, 9] and [19: Section 6.11.
In Section 2, we shall first give some results about scalar equations which will be used later in dealing with systems. In sections 3 and 4, we apply Perron's method, combined with technique of coupled solutions, to study quasi-increasing and mixed quasi-monotone systems, respectively. In Section 5, we prove comparison theorems for quasi-increasing and mixed quasi-monotone systems. In Section 6, we prove existence, uniqueness and continuity of viscosity solutions for non-quasi-monotonic systems by Banach fixed point theorem. Finally, in Section 7, some examples are presented to show that our results are non-trivial extensions of those in Ishii and Koike (9] . 
Similarly we can define the closure J' of We consider the Dirichlet problem for fully nonlinear second order partial differential equations
where u : ci -* R is the unknown function, f ci x R x R'1 x S(n) -R is a given function which is locally bounded, the others are the same as mentioned in Section 1.
The function I is said to be proper if
whenever rs and Y<X where r,s E R, x,p E R, X,Y E S(ri), and S(n) is equipped with its usual order (see [3] ). 
As applications of Proposition 2.2, the following results can be easily proved. 
In fact, we can follow the ideas in [3, 
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Liu Wei-an and Chen Hua Let M0, < oo for large a and ('o,ya) be such that
Then:
Lemma 2.10 (see [3] ). Let ci be a locally compact subset of R Th , u E USC(ci) and
V E LSC(ci). Suppose that (i) is a local maximum of the function
U(X) -v(y) - - relative to Q. Then for each e > 0 there exist X, Y E S(n) satzsflng (2.4) and (a(i-Q),X) E 'u(±) } (a(x -y), Y) E .J v(y)
Viscosity solutions of quasi-increasing systems
We denote
and
where u i ,vi (i = 1,2) are functions from ci into R. The notation v means 1 ; u2,p2,X2) are proper with respect to the principal argument. be proper on ci x R2 x R72 x S(n) and quasi-increasing. We call the pair (U, V) a couple of viscosity sub-and super-solutions of the Dirichiet problem (1.1) if U and V are locally bounded in ci and such that We define
is a couple of viscosity sub-and super-solutions of (1.1) } = PI x P2 = {v = (V1 , V2) viscosity sub-and super-solutions of (1.1) 
Proof. Suppose that z E l and (p', X i ) E J'ü(z). From the definition of ü', it
is known that there is a sequence Ju l I C Si (we may suppose that all components of the sequence are upper semi-continuous) and a sequence of points {(')} C Q such that (x ( ' ) , u) -* (z,ufl. By virtue of upper semi-continuity of ü(z), we have lirn sup u(y)
From the definitions of ü 1 and u, there is 2 related ü 1 and v related By virtue of lower semi-continuity of z 2 , we know that
Due to the quasi -monotonicity and semi-continuity of F1,
Similarly,
such that
In the same way, we can also prove that, for all z E ci,
The proof is completed U Lemma 3.
Let F1 and F2 be proper and quasi-increasing. Assume that the sets S,P are both non-empty. If(u,v) E S x P while (v, u) S x P, then there is another (U, V) ES x P such that U> u, V <v and (U, V) 54 (u, v).
Proof. If (u, v) E S x P while u1 is not a viscosity super-solution of (3. 1), then we know from-Lemma 2.6 [3: Lemma 4.41 that there exists another viscosity sub-solution of (3.1) ü 1 such that ü 1 (x) ^: u I (x) and u 1 (x) 54 u i (x). Since F2 is quasi-increasing, 
then ü E S and 6 E P, i.e. (6, 6 ) is a viscosity coupled solution.
Proof. From Lemma 3.4, we know that (6,6) E S x P. If (f), ii) S x P, we know from Lemma 3.5 that there exists another (U, V) E S x P such that ü < U and 'ii. > V, and (0,v.) 54 (U, V). This is a contradiction to the definition of (u, 6) . Hence, (6, 6) Proof. From the comparison we know that S is bounded above and every v E P is an upper bound of S. Also, P is bounded below and every u E S is a lower bound of P. From the definition of viscosity coupled solution, we know that (6,6) E S x P and (6,6) ES x P. We have the inclusions (it ,6) ESxP .
This implies that ü 6 E C(Q). The uniqueness can be proved in the same way
Viscosity solutions of mixed quasi-monotone systems
First, we introduce the sub-and super-solutions of the system.
be proper on Q x R 2 x R" x S(n) and be mixed quasi-monotonic (we might always suppose as well that F1 is quasi-decreasing and F2 quasi-increasing when we talk about a mixed quasi-monotone system). Then 
for every sequence (y,v(y)). From Proposition 2.2, there exist
From the definition of i3., it follows that there exists a sequence of lower semi-continuous
. Thus, we know that 1 ,v2 ) 
Similarly, we can show that, for all x E Q,
Thus, we have proved that (ü,6) E S x P I
In the same way to prove Lemma 3.5, we can prove the following lemma. Remark. As for quasi-decreasing system, the same results can be obtained by use of our method. In addition, using our method, it can be shown without the comparison that problem (1.1) has two viscosity solutions i and i3, which are not necessarily identical and continuous. With the comparison, it can be proved that problem (1.1) has a unique continuous viscosity solution.
Comparison
First, we consider the following conditions (Al) -(A4). whenever v3 , u 3 ER with v3 > U1, r i e R = 1,2,j 0 i), x E Il,p E R'2 and E S(n).
(A4) The constants -ye, L, (i = 1,2) in (Al) and (A3) satisfy < 1. 
Remark 1. It is clear that the first inequalities in (Al) -(A3) imply the other two

l). (A3.1) (All). (A2.2), (A3.2) (Al. 1), (A2.3), (A3.3) (Al. 2), (A2.1), (A3.2) (Al.2), (A2.2). (A3.l) (A1.2), (A2.3), (M. 1) (A 1.3), (A2.1), (A3.2) (Al.3), (A2.2) 1 (A3.1) (Al.3), (A2.3), (A3.1).
The following is the main result in this section. 
For a fixed a, we assume that M(x,y) attains its local maximum point at (xa,y) E x Q (denoted by M, = M(xa,y,y)). From boundary condition, (x,,, y,) V aQ X Then
From Lemma 2.10, there exist p = a(xc, -y ) and X, Y E S(n) such that
(xc,; v2.(x);u(x,,),p,X) -F(x;v2.(x))v1.(y,),p,X) <F1 . (x; v2 .(xa); u(x),p, X) -F(y; u(y); v 1 .(y0 ),p, Y) +F(y;u(y);vl.(yQ),p,Y)_F(xQ;m4(ya);vI,(y),p,X,.). +Fr(x,;u(yQ);vI,(yQ),p,X) -F(xa;v2.(x);v1.(y),p,X).
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Since u,v is a couple of viscosity sub-and super-solution of problem (1. 
Fr(x; u(y < ); vi.(y),p,X) -F (xa;v2.(xa); Vi. (y),p,X)
) + L 1 (z4(y) -v2.(x)).
Then we get y6 < L182 (5.6) as a -* oc. Similarly, starting from (5.5), we repeat the process above to get 'Y262
L261. (5.7)
Then we can deduce from (5.6), (5.7) and (A4) that
which is a contradiction. So the comparison is true.
The proofs for the other combinations in conditions (Al) -(A3) (see Remark 3) will be similar, so we omitted them here I Remark 4. In general, the conditions (Al) and (A2) are not necessary for the comparison to be hold. For instance, the problem Au = 0 in Q, u = 0 on ô, where although u (u i ,u 2 ) does not satisfy condition (Al), the comparison holds. However, (Al) and (A2) can be easily checked in general rather than to check the comparison directly. Now we consider the comparison for mixed quasi-monotonic systems. Consider the function
We assume that ( X ,, Y.) is the local maximum point of M(x,y) for a fixed a > 0. It can be easily seen that
where M = M(xa,y,). Similar to the proof of Theorem 5.1, we can assert that
and that u(x 0 ) v2 ( y 0 ) for a large enough. Thus we have from (A3.2) that
Letting a oo, we obtain Yi61 L162.
(5.12)
It is the same we can obtain as well Y2 62 < L2 61 .
Then, again from (5.12), (5.13) and condition (A4), we conclude the contrary inequality
0<6,
Li 12 6 <6.
Y112
The proof is completed I Conditions (Al) -(A4) will also imply that the comparison holds in the case of quasi-decreasing systems. Thus combining the results in Sections 3 and 4, we have the following obvious result.
Theorem 5.3. Let (F1 , F2 ) be proper and quasi-monotone (i.e. quasi-decreasing, increasing or mixed quasi-monotonic), and satisfy conditions (Al) -(A4). If (U, V) is a couple of viscosity sub-and super-solutzons of problem (1.1), then this problem has a unique viscosity solution u E C(1l) satisfying U < u < V on ft
Viscosity solution for non-quasi-monotone systems
In this section, we prove the existence, uniqueness and continuity of viscosity solution for non-quasi-monotonic systems. First, we introduce the concept of a so-called strong couple of viscosity sub-and super-solutions in the frame of locally bounded functions, which is similar to that introduced by [9] in the frame of semi-continuous functions. However, our concept here is more succinct and convenient. (w1(x),w2(x) ) between U(x) and V(x), i.e. for all (w1(x),w2(x) ) which is between U(x) and V(x), we have for alIx E ci and z = 1,2.
Proof. For any IL E C(Q) we define its norm as
and define -
From the assumption above, B is a non-empty, bounded and close subset of C(Z), and 
J
Thus Ui and V are viscosity sub-and super-solutions of problem (6.2)', respectively. From Theorem 2.7, there exists a unique viscosity solution u, of (6.2)' which is continuous and satisfies U(x) < u 1 (x) < V1 (x) for all x E ci and i = 1,2 which implies u e B. Thus we can define an operator T on B by u = Tv. Obviously, a fixed point u of T on B is a continuous viscosity solution of problem (1.1).
We can prove that T has a unique fixed point by Banach fixed point theorem. Actually, we have the following lemma. 
E1l
Then from Lemma 2.9, there exists a point set (X,y) E ci x ci such that Xa, Yc X as aand
zEO From Lemma 2.10, there exist p = a(x -y,) and X', Y u satisfying (2.4) such that
- (1) If, without loss of generality, we have conditions (A1.3), (A2.3) and (A3.1), then inequality (A1.3) tells us that y1( 
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Next, from inequalities (A2.3) and (A3.1) we have (1) (1)
Letting a -oo we get -(1)() < /22(1) --Also, starting from sup 0 {u(x) -v1)(x)} > 0 we can get in the same way that (1) (1)(.. < Li.
-z 2 (x).
Similarly, we may deduce as well that
(6.4) -
Replacing it and v by and in (6.3) and (6.4), respectively, we can obtain a similar estimate (6.5) for i,j = 1,2 with j 54 i. Substituting (6.3) and (6.4) into (6.5), we have
Thus, we obtain II v2 -u2 II = 1T2 v -T2 1111 < -iII -Due to condition (A4), < 1 which implies that T2 is deflatable. According to the Banach fixed point theorem and Lemma 6.4, there is a unique fixed point w of T, which is the unique viscosity solution of problem (1.1). Thus Theorem 6.3 is proved U Concerning the existence of a strong couple of viscosity sub-and super-solutions, we have the following 
where b 11 b2 ,c 1 and c2 are lion-negative constants, which will be determined later.
Clearly, U1 E USC(Q) and V e LSC(l), and In order to estimate I,i1(x) -Ur(x)I and 1V1 .(x) -v,(x)I (i = 1,2) we let
xEQ
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Thus we know that
c1 + e i otherwise
In the same way, we also have The proof of Theorem 6.5 is complete I
Examples
In this section, we present two examples. is not satisfied). Indeed, in this case (7.1) is quasi-increasing. Furthermore, if a > 1, the condition (Al) of [9: Theorem 4.41 is not satisfied. So, we cannot prove existence of a viscosity solution by using the result of [9] directly. On the other hand, from standard elliptic partial differential equation theory we may easily prove that system (7.1) has a unique classical solution.
However, it is easy to see that the conditions in our Sections 3 and 5 are satisfied if we choose U = (-2,0) and V = (0,1) for a > 1. Thus we can prove that system (7.1) has a unique viscosity solution u = (u i , 112 where G: are proper and O i are continuous. Let G 1 satisfy conditions (Al) and (A2) with constants M1 and Ni satisfy condition (A3) with constants L, and yj and L 1 satisfy condition (A4). Then the existence and uniqueness of viscosity solutions for system (7.3) can be arrived at by our results, no matter whether (7.3) is quasi-monotone or not.
